Atomic Quantum Memory for Photonic Qubits via Scattering in Cavity QED 
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We investigate a scheme of atomic quantum memory to store photonic qubits in cavity QED. This 
is motivated on the recent observation that the quantum-state swapping between a single-photon 
pulse and a A-type atom trapped in a cavity is ideally realized via scattering for some specific case 
in the strong coupling cavity regime [T. W. Chen, C. K. Law, and P. T. Leung, Phys. Rev. A 69, 
063810 (2004)]. We derive a simple formula for calculating the fidelity of this atom-photon swapping 
for quantum memory. We further propose a feasible method which implements conditionally the 
quantum memory operation with the fidelity of almost unity even if the atom-photon coupling is not 
so strong. This method can also be applied to store a photonic entanglement in spatially separated 
atomic quantum memories. 



PACS numbers: 42.50.Pq, 42.50.Dv, 03.67.Hk 



Combined systems of atoms and photons have been 
studied extensively to construct quite promising and 
efficient quantum networks for information processing 
and communication In these quantum networks, 

quantum-state transfer between photons and atoms 
(matter) and storage of quantum states are particu- 
larly important. Then, numerous methods to imple- 
ment the quantum-state transfer and quantum memory 
have beenproposed and investigated in various manners 
Q H i, II IE 011 @M 03,01 The cavity QED is among 
the promising schemes to realize such quantum-state op- 
erations, which utilizes strong interaction between sin- 
gle atoms and photons inside cavities |l3l |. Specifically, 
quantum-state transfer and manipulation are made be- 
tween a single atom and a single-photon pulse through 
a scattering in an optical cavity. In this Letter, we in- 
vestigate a scheme of atomic quantum memory to store 
photonic qubits in cavity QED. This is motivated on the 
recent observation that the quantum-state swapping be- 
tween a single-photon pulse and a A-type atom trapped 
in a cavity is ideally realized via scattering for some spe- 
cific case in the strong coupling cavity regime producing 
the maximal phase shift |14j . 

We consider a one-dimensional cavity bounded by two 
mirrors, one of which is perfectly reflecting while the 
other is partially transparent. The electromagnetic field 
is expanded in terms of the continuous modes with wave 
number k, which range over the inside of cavity through 
the outside free space [l4|- A photonic qubit is encoded 
in the polarization states \ki) and \k R ) of single-photon 
pulse as 



l*i.fl> 



C R \k R ), 



dkf(k)e- lkt \k L . R ), 



(1) 
(2) 



where f(k) is the normalized spectral amplitude, and 
e -tkt represents the asymptotic temporal evolution (c = 
h = 1 unit). On the other hand, a A-type atom is trapped 
inside the cavity, which has two degenerate ground states 
\L) and \R) and an excited state |e). Then, an atomic 



qubit is encoded in the degenerate ground states as 

\ip & )=a L \L) + a R \R). (3) 

The polarization states \ki) and \k R ) are coupled, re- 
spectively, to the transitions \L) — |e) and \R) — |e) of 
frequency w e in the cavity with the dipole couplings 



gL,n( k ) = X 



■ R /{k - k c + Ik), 



(4) 



where k c is the resonant frequency of the cavity, n is the 
leakage rate of the cavity, Al and X R represent the nor- 
malized coupling strengths, and 0l and 8 R are the phase 
angles from the dipole transition matrix elements. The 
atom-photon scattering then takes place through these 
couplings, and the transformation of the atom-photon 
states is induced asymptotically as 



T\Lk L ) = T LL (k)\Lk L )+T RL (k)\Rk R ), 
T\Rk R ) = T LR {k)\Lk L ) +T RR (k)\Rk R ), 
T\Lk R ) = \Lk R ), T\Rk L ) = \Rk L ), 



(5) 



where the basis states are taken as \Lki) = \L)\ki), and 
so on. The scattering matrix elements are calculated ex- 
plicitly in Ref. Uli as 



T LL (k) = e^\i L (k)\ 2 



T RR (k) 
T LR (k) 
T RL (k) 



„*<t>s{k) 
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\Uk)\ 2 , 
-|£L(fc)| 2 , 



CL(k)Uk)(e^ k} -1), 
e 2i(0L-en)£( k ^ R ( k )( e i<f>s(k) 



1), (6) 



where £ LiR (k) = 9L,R(k)/^/\g L (k)\ 2 + \g R (k)\ 2 . Here, 
the bright state acquires a phase shift 4> s {k) via scatter- 
ing. This linear transformation T with a complex 4> s (k) 
is generally non-unitary due to the loss with a rate 7 in- 
duced by the spontaneous emission into the environment. 

Swapping for qubit memory 

It is observed Q that the quantum-state swapping 
between the atom and photon can be made ideally via 



2 



scattering in the specific case of the A-type atom with 
equal but opposite dipole matrix elements, i.e., = 
Xji = X and e*( 8l,_8R ) = — 1, which provides 



with D = KV-swaplVOI 2 = + c* L a R \ 2 (0 < £> < 1) 

Hence, we may take the fidelity of swapping as 



F m 



9L{k) = -g R (k). 



(7) 



^(0) = [\T LR (k)\ 



if 



(17) 



For example, we may take the Dl line of sodium with 
\L) = \F = l,m F = -1), \R) = \F = l,m F = 1), 
|e) = \F = l,mp = 0). In fact, with the maximal phase 
shift e l ^"( ka ' = —1 at the resonance for K7/A 2 — ► 0, we 
have the scattering matrix elements as 

T LR {k c ) = T RL {k c ) = 1, T LL {k c ) = T RR {k c ) = 0. (8) 

Then, the atom-photon swapping is obtained as 

= (a L \L)+a R \R))®(c L \k L ) + c R \k R )), (9) 
t 

Idp) = (c R \L) + c L \R)) ® (a R \k L ) + a L \k R )).(10) 

We here note that this swapping is made in a reversible 
way via scattering. Hence it can be applied to imple- 
ment an atomic quantum memory for the storage of un- 
known photonic qubits of polarization. The input pho- 
tonic qubit is stored (written) via scattering, and it is 
retrieved (read) by injecting another single-photon pulse. 

We now evaluate the fidelity of this atom-photon swap- 
ping for the specific case of gh(k) = —gn.(k) providing 
T LR (k) = T RL (k) and T LL (k) = T RR (k) = 1 - T LR (k). 
Arbitrary atomic and photonic qubits in Eqs. QJ, Q 
and ||2J| may be taken as the initial state |<fri n )- Then, 
the density operator of the output state via scattering is 
given by 



1 with k p « c 



irrespective to the choice of initial state. Here it is desired 
for optimizing the quantum-state transfer via swapping 
that the spectral width k p of the photon pulse with f(k) 
should be made sufficiently smaller than the cavity leak- 
age rate k, as discussed in Rcf. Then, we have the 
quite high fidelity F swap ~ \T LR (k c )\ 2 
in the strong coupling regime K7/A 2 <C 1. 

Numerically, by using the formula for the phase shift 
(f>s(k) Q we obtain F swap (Gaussian) = 0.975 typically 
with A = 5k, 7 = 0.5k (n-f/X 2 = 0.02) and u> e = k c 
for the Gaussian \f(k)\ 2 = exp[— (k — k c ) 2 / n 2 }/ (n 1 / 2 ftp) 
with k p = 0.1k. We also obtain -F swap (Lorentzian) = 
0.887(0.960) with A = 5k and 7 = 0.5k for the Lorentzian 
\f(k)\ 2 = (K p / 7 r)[(fc-fc c ) 2 + K2]- 1 with Kp = 0.1k(0.02k). 
The atomic detuning does not provide a significant effect 
on the fidelity for \u e — k c \ < 7 ~ k. 

Storage and retrieval with conditional measurements 

We next consider the sequence of storage and retrieval 
of photonic qubit, which may appear somewhat different 
from simply repeating twice the atom-photon swapping. 
To be general, we relax the condition for the A-type 
atom, allowing different gi,(k) and g R (k). In this situa- 
tion, as seen below, even for a not so strong atom-photon 
coupling the almost faithful quantum memory operation 
can be achieved conditionally by making some projective 
measurements. Specifically, the initial state is taken as 



Pout = |$out)($out| + (1 - ($ out |$out))|0)(0|,(ll) l $ in) = \R)\<t>pl)\k' R ) = \R)(cL\k L )+C R \k R ))\k' R ). (18) 

|$out> = T\*- m ) = 



dkf(k)e~ M \^ t ), 



|*W> = T ifl (fc)|$W)+r iL (fc)|$| n fe) ). 



(12) 
(13) 



Here, the term of |0)(0| represents the loss due to the 
spontaneous emission with Trp out = 1. The output pho- 
ton will eventually be absorbed by matter. Then, by 
taking the trace over the photon states the fidelity to ob- 
tain the desired atomic state Inswap) = c R \L) + cl\R) is 
given by 



Here, |</> p i) is the photonic qubit to be stored and then 
retrieved. The atomic state is initially prepared to be 
\R), and the second photon pulse of \k' R ) is injected after 
a time delay r (3> k" 1 3> k _1 ) to retrieve the stored 
qubit. We take for definiteness the same profile f(k) for 
the two photon pulses, though this choice is not essential. 

After the scattering of the first photon pulse with the 
atom, the detection of the polarization "£" is made on 
the output photon. This polarization detection is repre- 
sented by a positive operator valued measure 



F = 



(VWplTr^) 



l^ulX^ull Inswap) 



/ 



(14) 



n(fci) = / 

J — { 



dkrj(k)\ki)(ki 



(19) 



where Tr (fc) [p] = (k L \p\k L ) + (k R \p\k R ), and the aver- 
age of any function G(k) of k with the weight \f(k)\ 2 is 
denoted as 



[G}f 



dk\f(k)\ 2 G(k). 



(15) 



This fidelity is calculated by considering T^ R (k) 
T LL (k) = 1 as 



F(D) = F(0) + [1 - F(0)}D 



(16) 



with the quantum efficiency < g(k) < 1. [The dark 
count is neglected here since it can actually be made 
rather small. The terms of more than one photon states 
may also be discarded effectively in n(fc^) in the present 
process involving a single atom and photon.] Then, the 
resultant state is given by 

Pi = P(fcL)~ 1 Tr pl [n(fc L )T 1 |$ in )($ in |T 1 t ] 

= P(k L y 1 / dkn(k)\f(k)\ 2 \$[ k) )(<S>[ k) \, (20) 
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where 



^ ] ) = [T LR (k)c R \L)+c L \R)]\k> R ) 



(21) 



by applying Eq. JHJ for T\ . It is noticed in Eq. l(2*TJ) that 
the initial photonic qubit is transferred to the atomic 
qubit with slight modification by the factor T^^(fc). The 
loss term of |0)(0| is projected out by the photon detec- 
tion even with rj(k) < 1 (and the negligible dark count). 
The success probability of the photon detection is given 
by P(fci) = [?/(fc)($^' ) l*! 5 !^}]/, providing the normaliza- 
tion Tr ap2/ oi = 1. 

The retrieval of the photonic qubit is implemented by 
the scattering of the second photon pulse followed by 
the conditional detection of the atomic state \L). The 
resultant output state is given by 



Pout 



P(L)- l (L\T 2Pl T^\L) 
\T LR (k c )\ 2 



P(k L )P(L) 



iuil, (22) 



where 



dk'f(k')e- lk '^-^ 
x[r L R(k)c R \k' R ) +r LR {k')c L \k' L )] (23) 



with 



TLR(k) = T LR (k)/T LR (k c ). 



(24) 

TLR{k c ) 7 i.e., 



It is found in Eq. (23 that with T LR (k) 
fLR(k) ~ 1 in the vicinity of resonance \k — k c \ < 
the output state is very closed to the desired photon state 
as retrieval: 



Kp<K 



\<t> ( £t)~\0p2) = (cL\k' L )+CR\k' R }). 



(25) 



The net success probability of the storage and retrieval, 
providing the normalization Tr P 2/9 ut = 1, is given by 



p(L)p(k L ) = \T LR (kc)\ 2 m^oli^t) 



(26) 



Then, by considering Eqs. the fidelity for this 

operation of storage and retrieval is evaluated as 



F(pl 



P 2) 



77(^)1(^21^)1 



r,(k)(^ k M k l) 



(27) 



As seen in Eq. 1)25(1 . we can obtain the fidelity of almost 
unity with rL R (k) « 1 for \k — k c \ < k p <C k, even if the 
atom-photon coupling is not so strong as Xl,r. ~ n ~ 
7 to give \TLR(k c )\ 2 ~ 0.1. Specifically, by considering 
that the quantum efficiency may be constant as rj(k) = r/ 
in the vicinity of resonance, the fidelity is calculated as 



F(pl — > a — > p2) = F qm + [1-F qm ]|ci,| 4 depending on the 
initial |</> p i). Then, the fidelity of this quantum memory 
operation is given by 



\[r L R] f \ 2 /[\r LR \ 2 } f ^n Kp « K ). 



(28) 



This is a quite remarkable feature of the present con- 
ditional scheme for quantum memory, without requir- 
ing the specific A-typc atom satisfying the condition Q 
on the dipole couplings. Although some modification is 
made on the stored atomic state, as seen in Eq. (1211) . it 
is nearly compensated by the read-out process, as seen 
in Eq. I)23|l . realizing the almost faithful retrieval of the 
initial photonic qubit. The trade-off of the success prob- 
ability is instead paid to obtain the high fidelity for the 
general case. 

Numerically, we have estimates of the fidelity and the 
net success probability as F qm = 0.995, 0.994, 0.999, and 
P(L)P(k L ) = (0.975, 0.634, 0.248)??, for \ L = \ R = 
(5,1, 0.5)k, respectively with 7 = 0.5k, uj e = k c 
and k p = 0.1k for the Gaussian form. Similar esti- 
mates are also obtained for the Lorentzian form with 
k p = 0.01k. Therefore, the quite high fidelity F qm is re- 
ally obtained almost independently of the atom-photon 
coupling Xl,r/k ^ 0.5. 

It should be mentioned that the atomic detection of \L) 
can be implemented by injecting the third photon pulse. 
Specifically, by injecting the photon of \k'[) followed by 
the polarization detection II(fc^.) on the output photon, 
the \L) component of the initial atomic state is trans- 
formed to \R) via scattering with the success probability 
~ v\TRL(k c )\ 2 while the \R) one is projected out. 

In a feasible experiment, a sufficiently weak coherent 
light of I a) may be used as an actual single-photon source, 
though the success probability becomes rather small pro- 
portional to \a\ 2 . The vacuum contribution is projected 
out conditionally by the detection of the output photon. 
The contributions of more than one photon states are 
small enough for \a\ 2 <C 1. 

Storage of 2- qubit entanglement 

We can see that the quantum-state transfer via scat- 
tering can also be applied to the storage of 2-qubit en- 
tanglement. We prepare two atomic memories and a 
polarization-entangled pair of photon pulses. Each pho- 
ton pulse is scattered with the atom inside the respective 
cavity. In this situation, particularly for the ideal case of 
Tlr = Trl = 1 and Tll — Trr — 0, we obtain the swap- 
ping between the generic states of atom pair and photon 
pair, which may be either entangled or separable, as 

/ a RR 

o-ll 

O-RL 
O-LR 

"(29) 

where the basis states are taken as for the atom pair 
"a" (\LL), \RR), \LR), \RL)) and for the photon pair "p" 
(\k L k L ), \kRk R ), \k L k R ), \k R k L )). 
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This sort of 2-qubit transfer can readily be applied to 
the storage of photonic polarization entanglement as 

CLR\k L )\k' R ) + c RL \k R )\k' L ) c RL \LR) + c LR \RL).{30) 

Specifically, by taking the initial state 

|*in) = \RR)(cLR\k L )\k' R )+c RL \k R )\k' L )), (31) 

we obtain the (fcfc')-component of the output state via 
scatterings in the cavities 1 and 2 as 

- [T LR (k)c R L\LR)+T LR (k') CL R \RL)]\kLk' L ) 
+\RR)\$P), (32) 

where \^ R ') = T RR (k')c LR \k L k' R ) +T RR (k)c RL \k R k' L ). 
Then, the fidelity for the unconditional operation of en- 
tanglement transfer is evaluated by tracing over the pho- 
ton states and the environment denoted by |0)(0|. For 
any choice of the initial state it is calculated to be 
bounded as F(p -> a) > |[T l _r]/| 2 = F swap F qm , which 
approaches unity for the specific case of gh{k) — ±g R (k) 
with e % ^ s ^ k "' = —1 in the strong coupling limit. Fur- 
thermore, we can make actively the photon detection 
n(fci) ®H(k' L ) on the ouptput state in Eq. (|32|) . so that 
the trade-off of the success probability is made to ob- 
tain the high fidelity. Then, the transfer of the photonic 
entanglement to the atomic memories is implemented al- 
most faithfully even for Xl.r ~ k ~ 7, and the fidelity is 
calculated to be the same as the 1-qubit memory, 

-Fcnt-tr = F qm ~ 1 (k p < k). (33) 



The entanglement stored in the pair of atomic quantum 
memories is alternatively retrieved by injecting single- 
photon pulses (may be separable) to the atomic memo- 
ries. In a feasible experiment for this entanglement trans- 
fer, a type II down-conversion light can be used as the 
input polarization-entangled photonic qubit. 



In summary, we have investigated a scheme of atomic 
quantum memory to store photonic qubits in cavity 
QED. Specifically for a A- type atom with equal but op- 
posite dipolc matrix elements, which is trapped inside 
an optical cavity, the quantum-state swapping between a 
single-photon pulse and the atom is ideally realized via 
scattering in the strong coupling cavity regime We have 
derived a simple formula for calculating the fidelity of 
this atom-photon swapping for quantum memory. We 
have further proposed a feasible method to implements 
conditionally the quantum memory operation with the fi- 
delity of almost unity even for not so strong atom-photon 
couplings, which is applicable for a general A- type atom 
with degenerate ground states. This method can also be 
applied to store an photonic entanglement in spatially 
separated atomic quantum memories. 
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